Section 1

10 marks

Attempt Questions 1 - 10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1 — 10.

NESA Number:

3.
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(B)  Domain:
(C)  Domain:
(D)  Domain:

Given 04 =-2 i+3j and AB = 4j — j, which is the correct value for OB?
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. What is the domain and range of y = 2sin™ 2x ?
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What is the remainder when P(x)=x" —2x+3 is divided by (2x—1)
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4. Which of the following graphs best shows y = tan™1(x?)?
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5. Consider the differential equation % =4xy.
X

Which of the following is the family of solutions to the equation.
(A)  y=de™ B) y=InQ2x*)+c
©) y:2x21n|y|+c (D) y:4xln|y|+c

6. The cartesian equation of the curve with the parametric equations x =2¢' and y =cos(l+¢”) for

0<¢ s%is given by:

(A)  y=cos 1+68_3x] (B) y:cos(1+§J

3
(€©) y=cos 1"‘%"‘@3} (D) y=cos(1+x—j



7. Which differential equation is shown in the slopefield below?
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9. Which of the following could be the polynomial y = P(x).

YA
3 e
\
(A y=x(x-3) B)  y=x(x-3)
©  y=-x(x-3 (D)  y=-x"(x-3)

V4

8
10. The integral J cosbxcos2xdx simplified is equal to:

0
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Section 11

60 marks

Attempt Questions 1 — 4

Allow about 1 hour and 45 minutes for this section

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.
In questions 11 — 14, your responses should include relevant mathematical reasoning and/or
calculations.

Question 1 (16 marks) - Start your work in Question 1 Answer Booklet

(a) If @=3i-2j and b=—i+4/, calculate:

(b) Differentiate y = %tan_l 3x.

(¢) Find J;dx

x*+2x+5

1
2| x .
(d) Evaluate J 1— dx using the substitution x = sin” 4.
—-X
0

(e) (i) If the polynomials P(x)=2x’ +mx’ +2x—3 and Q(x)=x"+nx—3 have the
same remainder when divided by x + 2, write an expression for m in terms of 7.

(i1) Given that (x—3) is a factor of Q(x), find the value of m and n.

(f) Find the exact value of cos% giving your answer in simplest form.

End of Question 1.



Question 2 (16 marks) - Start your work in Question 2 Answer Booklet

(a) Prove, by Mathematical Induction, that 5***' +2**' is divisible by 7 for all

integers n>1.

(b) In a 16 member soccer squad 12 are right-handed while 4 are left-handed. If 11 members

are to be selected as the starting line up (players participating at the start of a game),

in how many ways will there be at least three left-handed players in the starting line up?

(c) The functions fand g are defined by f(x)=+v4-x" and g(x)=x-1.

(1)

(i)

(iii)

(iv)

v)

Show that the domain of f(g(x)) is —1<x<3.

Hence state the range of the function f(g(x)).

What is the largest domain which includes the point (3 , 0)

over which f(g(x)) has an inverse function?

Hence find /(x), the inverse function of the composite function f(g(x)),

stating its domain and range.

Sketch the graph of y =h(x).

(d) Show that tan'1+tan"' 2+tan'3 =7

End of Question 2.



Question 3 (15 marks) - Start your work in Question 3 Answer Booklet

(a) For vectors u=3i+bj and yv=-i-3j

(1)  Write an expression for the projection of vector u onto vector v. 2
(i)  Given that the length of this projection is 3 units, find the value of . 2
1
.
(b) Find in the form y = f(x) the solution of the differential equation )’ =———,
cos” X
given that y=In3 when x = % 3

(c) Newton’s law of cooling states that when an object at temperature 7°° C is placed in an
environment at temperature A°C, the rate of temperature loss is given by the equation:

dr

7 =—k(T — A) where ¢ is the time in minutes and £ is a positive constant.
t

(i)  Use differential equations to show that T = 4+ Be ™™ is a solution to the
above equation. 1
(i) A cup of tea with initial temperature of 90°C is placed in a room in which the
surrounding temperature is maintained at 25°C. After 25 minutes, the
temperature of the cup of tea is 45°C. How long will it take for the it’s

temperature to reduce to 30°C? Answer correct to the nearest minute. 3

(d) (i)  Ten friends are going to be divided into groups of 5, 3 and 2 members as part of a

competition. In how many ways can the groups be formed? 2
(i1)) If n friends are divided into groups of made up of ¢, k, and » members

where c+r+k=n and c > k> r. Explain why
n k+r\ (n)n-r 5
n—k—r ro ) \r k)

End of Question 3.



Question 4 (13 marks) - Start your work in Question 4 Answer Booklet

(a) A spherical ball is expanding so that its volume is increasing at the constant rate of 10 mm?

per seconds. What is the rate of increase of the radius when the surface area is 400 mm?? 2
(b) The graph of y = LS {x > 0} is shown below. The shaded area is rotated about the y-axis.
X
YA
1
Yy=-3
—*
1 k X
. . . 2z .3
(i)  Show that the generated volume in terms of kis V' =| 2« e units”. 4
(i)  Explain what happens to the volume as & — oo . 1
(i11)  If the volume of the solid form is 37” units®, find the value of k. 1
(c) Consider the square OACB where point O is the origin. Let 4 0 C
the position vector of points 4 and B be defined as gand b
respectively i.e. OA4 = a and OB = b. R
Let points P, O, R and S be defined so that OP = ka,
_ _ _ P
AQ=kb, RC=kaand SB=kb where 0<k <1. This
means points P, O, R and § are positioned along their u
respective sides in equal proportions. 2 & B
Use vector methods to prove that the size of ZPOR =90°. 5

End of Examination.



NESA Number:

Section I- Solutions

10 marks
Attempt Questions 1 — 10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1 — 10.

1.

What is the domain and range of y=2 sin”! 2 ?
.5 5 . T T
(A) Domain: - =< xy<= , Range: - —<y<—.
2 2 4 4
.2 2 .
(B) Domain: —-=<x<= , Range: —z<y<r.
5 5
.5 5 .
Domain: - =< x<= , Range: —z<y<r.
2 2
.2 2 . T
(D) Domain: - =<x<= , Range: - —<y<—
5 5 4 4
Given OA4 = —2i+3; and AB = 4j — j, which is the correct value for OB?
2 -6
) [ j ®) [ j
—4 2
6 .@ 2
—4 2
What is the remainder when P(x) = x° —2x+3 is divided by (2x-1)

w s !
8 8

© 2 (D) 4




4. Which of the following graphs best shows y = (x2) ?
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5. Consider the differential equation % =4xy.
x

Which of the following is the family of solutions to the equation.
y=4e™ B)  y=mI@2x*)+c
©  y=2xIn|y|+c (D) y=4xIn|y|+c

6. The cartesian equation of the curve with the parametric equations x = 2¢' and y = cos(1 + e3’) for

0<t< gis given by:
4

A y= cos[l +§x] B)  y= cos(l + gj

3
© y:cos(l+%+e3j yzcos(l+x§]



7. Which differential equation is shown in the slopefield below?

y'=ycosx

©

8. What is the value of £ such that
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9. Which of the following could be the polynomial V= (x)

VA
|/
3 >
\
A y=x'(x-3) B)  y=x’(x-3)

©  y==x'(x-3) y=-x"(x-3)°

V4

10. The integral Jg cos6xcos2xdx simplified is equal to:

0



Section I
Question 1 (16marks) - Start your work in Question 1 Answer Booklet

(@ If g=3i-2;j and p=—j+4;, calculate:

- S 1 — for answer
b - O - ¥ - B
e [ Y ] [~:- Marker’s Comments:

Answered well.

= '\'(‘r +6J
~ ~

(i) a-b 1
1 — for answer
-b = Y= =)
-2 ( )( ) 3 ( 3( ) Marker’s Comments:
- -3-% Answered well.
- ‘\
(b) Differentiate = tan"' 3x. 2
3

44 | 2 | L 1 — for differentiation
JT1 1 — for simplified answer

Marker’s Comments:
<t —3 Answered well.
a 5 '+ \‘2

'

\¢ °\13

(c) Find jz;dx 2
X +2x+5

1 — for rearrangement

5 | 44 __j \ dx 1 — answer

78'-&7-‘&'\ s (4 1\7'* 2?* Marker’s Comments:

Most students who new the

X strategy got full marks. Those
5 ‘it"‘“ ‘}—;_L €|C who did not used either logs or
attempted to incorrectly split the
fraction, both leading to incorrect
answers.




1
(d) Evaluate Jz /L dx using the substitution x =sin>@.
1—x
0

3

.2
e =910 =]

d =

40

-~ 29110 e

whan 20 = © 0 -
®

= 1
a

£ 0

j / S e,_ L5ind Cos 0 dD
\-Sn O

o

_l(
Sint 29w 9<0s0 d9o
Cos 9
=‘}q ;LQ'H:LO Ae [(_,ds 20 - \—2$'mlej
°
T

—_[e -_‘a_sa.\me]
(]

'

/\
b~

'
Bl=

g"

>
pi=
—

1 — rewriting the integral in
terms of theta

1 — integrating

1 — final exact answer.

Marker’s comments:

Many students struggled
with this question. Most
students made the question
more complicated by not
using the basic chain rule
when differentiating

x=sin’6

(e) (i) If the polynomials P(x)=2x> +mx*>+2x—3 and Q(x) = x* +nx—3 have the

same remainder when divided by x+2, write an expression for m in terms of . 2

PR)|=-lecam-«-3
= xm=- 23
QE2y -~

= \-2n

Now F(2) = Q(-2)

Y -an-3

58 bwm -23 = l-2n
bm = 24-2n
mn = G‘l

P}

1 — for equating the remainders
1 — for the expression

Marker’s Comments:

Answered well. Students who used
the remainder theorem were mostly
successful. Those who used long
division to find the remainders,
made mistakes, leading to incorrect
answers.




(i1) Given that (x—3) is a factor of Q(x), find the value of m and n. 2

Q(3) =1+3n -3 1 — for value of n
1 —value of m
3n+6 -0 Marker’s Comments:

Answered well.

n ==L

m = ¥

(f) Find the exact value of cosZ giving your answer in simplest form. 3
8

1
COS—2BD -2 Cus— 90— 1

= ot ® :%.Y‘Cns'ke\\]

S IREVEEE O\

S 1 ()
O

2 12
N

Uy
(ﬁ+a) ; (os:; )0)
2

v

2

Cog W
g

Va
(M cnsciar- Cns%-:(}—z* \3 )

1 — for establishing the initial
relationship

1 — for correct expression

1 — simplified answer with reason
for ignoring the negative case.

Marker’s comments:

Generally answered well. Most
students made a start achieving one
mark. But a number of students
ignored the negative case when
finding the square root, loosing the
chance toe explain why the positive
case is the correct answer.

End of Question 1.



Question 2 (16 marks) - Start your work in Question 2 Answer Booklet

(a) Prove, by Mathematical Induction, that 52**! 4 227! is divisible by 7 for all

integers 5 >1.

$‘h_.£ . Prove 4for a=|

R+ At 3

Prook . = 2 =§3-§1
= 133

= 1+49

. +1’M {'or nsal|

step2: Assume true for nek abare K is o pusibive inkese
: 2kxl k) :
.. S X =1M ukete M s an il\ktabr

Prove true for nzkt\

te. Prove s&k«l 4 akk*z L 'UJ where r\) 1S anh 'mt(&u
..?LJ'_'; a aka\ Ak«
LS = S xS X [
543 (‘m - :L"k*' ) 4 q:f'k“ (ba c.\ssump\"'ﬁon)
=1y 2as™M ; (*’153 1-;_&‘\
- Ny 2SM - 1*3(1»:.\@\)

1 (25 - axa™

[y

)
ST s i R XS B e

- RHS
%; Since tcuwr Hor n=|, h:‘ Q\'(f A ond

methemoeticed induckion, true for al posikive M'hﬂu n.

1 —proof forn =1

1 — correct establishment of the assumption
1 — for the proof for n = k+ 1 case
Marker’s comments:

Generally answered well but marks were deducted if k was not defined as a positive integer.




(b) In a 16 member soccer squad 12 are right-handed while 4 are left-handed. If 11 members

are to be selected as the starting line up (players participating at the start of a game),
in how many ways will there be at least three left-handed players in the starting line up?

O F G EN ez
= A1

1 — for first case
1 — for final answer

Marker’s Comments:
Generally answered well

(c) The functions f'and g are defined by f(x)=+4-x* and g(x)=x-1.

(i) Show that the domain of f(g(x)) is -1<x<3.

1

PRy = Ja-Ge-w

- (x-2Y 3o

x-N g

Alternative approach:

Domainof f(x): =2 <x <2
Domain of f(g(x)): —2<x—-1<2
—1<x<3

1 — steps towards finding the domain

Marker’s comments:

Most students answered this question
well, however, as this is a show
question, students should include all
necessary steps, including a stating
that4 — (x —1)2>0

(if)  Hence state the range of the function f(g(x))-

R 1"’42}\5 9.'5

1 —range

Marker’s comments:
Generally answered well.

(1i11)  What is the largest domain which includes the point (3, 0)

over which f(g(x)) has an inverse function?

D: ¥ \gx\c‘s'g

1 — domain

Marker’s comments:
Generally answered well.




(iv) Hence find h(x) the inverse function of the composite function f(g(x)),

stating its domain and range.

et x = \la-(a Ay
a": 4 —(5-!)1'
(y -0 hd P PR P

4-" 2y - x>
d:ltv‘u-x“ 'D‘io\(x§7.-§

R 1§44
1 \\(1)3 |+ "*__N.z 1 \s }

1 — correct domain & range

1 — expression for y

1 — establishing the positive case as
the function A(x)

Marker’s comments:

Students had difficulty identifying
the correct domain and range. Many
did not provide a rationale for taking
the positive square root int their final
answer. Had this been a show
question a mark would have been
deducted.

(v)  Sketch the graph of y = h(x).

1 — correct section of circle
1 — indicating the end points

Marker’s comments:

Not answered very well due to
the difficulties students had when
answering part (iv)

\4 &-,*o.n.‘& s F:*‘o\n-‘ 3
then tand = 2 +¢M\F:3

+on (**FS o FTon oL 4 tan P
\-"o\v\eL'tkhF

243
- 6

a2
)
-\
Ldsy =t ()

S LY
¢

'y

1-tan'1=2
4

1 — establishing tan(a + )
1 — demonstrating LHS =z

Marker’s comments:
Not answered very well. Students
did not readily recognise that

1 = % and as such had difficulty

progressing with the solution.

A few arrived at the correct proof
but through very complicated
approaches.

Some students used the calculator
to evaluate 2 and 3 which gave
approximate values and
consequently a mark was
deducted. Others, incorrectly,

1l - \ {_M\ﬂ 2 44 M‘-\ 3% , 3% tried applying the compound
2 TN v 4 angle formula using three terms
X instead of two.
End of Question 2.
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Question 3 (15 marks) - Start your work in Question 3 Answer Booklet

(a) For vectors y=3j+bj and y=—i-3;

(i)  Write an expression for the projection of vector u onto vector v.

2
Proi <t U=eN
°1‘.':-_'j_v_z_ X 1 —for4°Y
I 1 — solution
Marker’s comment:
2.8 = (330D + (o)(-3)
=-3 - 2b Answered well.
2 7 2
l‘.',‘ = (Y 4 (2)
- Lo
P g = "2 (1ee) (-2 §)
! \o
= (ML) oy oA (k) 3
) . ) B
(1))  Given that the length of this projection is 3 units, find the value of b. 2

|f’rej Uy \:t(\-\‘o\ I sy

M4 \0

crade (Vav)

o
ti_’r_‘-ﬂ (‘ib) = 3
\©
\O
Qxl) = & ==
L - *dio =1\

1 — length of projection in
terms of b
1 — for answer

Marker’s comments:

Many students forgot to do
only the positive answer.

11




(b) Find in the form = f£(x) the solution of the differential equation ' = 2

given that y =In3 when x :%.

1
e 2

b

cos’ x

»)es
1

s
'

%9
d3 Le
I cogt =
‘1 ¢
—_— J = é’
|/za
J ‘I < Ja :J gec? x dx

tan &+ C

= tean X
2 4+ C
:G 4+ C

=0

'tt-d\‘x

=l (ten x\

ol 21 &1’«\13

1 — Establishing the integrals

1 — correctly integrating both
integrals

1 — correct final expression for y

Marker’s comments:

Setting of working was a
problem, with many forgetting
to include integral signs, or
unable to provide the first
integral statement at all . The
integral of the exponential was
done badly by many.

(c) Newton’s law of cooling states that when an object at temperature 7° C is placed in an

environment at temperature A4°C, the rate of temperature loss is given by the equation:

dT

— =—k(T — A) where ¢ is the time in minutes and £ is a positive constant.

dt

(i)  Use differential equations to show that 7 = 4+ Be™* is a solution to the

above equation. 1
CLY T CT= n) 1 — dempnstrate through
dt Integration
| W dt Many students did not
-_—_\T d1 = understand to integrate first ,
i rather than start with the
ln [T-A\ - -kt sc solution.
-kt <
T=A—=7¢C g =
T = AxB < whore A= Q.o

12




(1) A cup of tea with initial temperature of 90°C is placed in a room in which the
surrounding temperature is maintained at 25°C. After 25 minutes, the
temperature of the cup of tea is 45°C. How long will it take for the it’s
temperature to reduce to 30°C? Answer correct to the nearest minute.

t-=o P 1 — finding B
Tsc W0 =548 5 B:o-6S 1 — finding &
° 1 — for final answer
A=13S
Lt Marker’s comments:
CTTzas 4 65 e
s e Answered well.
— ’k us =25 + 6S &
\z &S
-5k
e =8 = k=< [
3 1S 3
t\n &
y U225 4 65e™ '3
: £ Wa
T=230 =5 30 =25 465" 3
ik
e
= o<
L \s\ 3_ - \\ —\—
as 3 ()
t ag n'¥s
lv\ °/|3
‘7" S¢ min,
1 en friends are going to be divided into groups of 5, 3 and 2 members as part of a
d Ten friend going to be divided into groups of 5, 3 and 2 b part of

competition. In how many ways can the groups be formed?

(‘:) (56) = 2520

1 — for one of the
combinations
1 — for final answer

Marker’s comments:

Answered well.

13



(i1)) If n friends are divided into groups of made up of ¢, k, and » members

where c+r+k=n and ¢ > k> r. Explain why

i) 2

[ Jeonp Wt o Friondy  wee 1 — for identifying the
: selection process on the LHS
baing divided inte 3 oS 1 — for similarly working on
o anmbaers C, K ond . the RH? .
Marker’s comments:
consides Lhs it e
'—'\%L % SET ' Well done by those who
dhoose  Hae 1Y O delemds attempted it

then kar ane L (ot
C=n- k'_fS‘ e frewm kar

we Jwose \«, Lv.;w‘u\% v £eiends .

den CMS.\JM‘%& RHS, we can

& {irct slevt ‘v’ Lriandy, Leaving
'n=v!! friends. Ciidn feem |a-¥ 'cse
doos & Sriwndy be.wr‘-f\-& = n--v

fhends ru.»-bF-Aa in Y seme
A bac & 80'0“-?;“%-3'

End of Question 3.



Question 4 (13 marks) - Start your work in Question 4 Answer Booklet

(a) A spherical ball is expanding so that its volume is increasing at the constant rate of 10 mm?

per seconds. What is the rate of increase of the radius when the surface area is 400 mm??

Jdv _ 1o mm‘/m ;

a7 .
3
Ve L TWe SAL gl
Y | quc * 400
dy
Jr | dv v
t v T4t
(
- \0
QT
d¢ _ \o
di % oo

dv_ =? s :t\.eommz
dt

1 — for writing the expression for
dr/dt

1 — for final answer

Marker’s comments:
Well done

15




RS
x3

(b) The graph of y =

YA

(i)  Show that the generated volume in terms of kis J = (2 T — 277[} units>.

=V

{ x> 0} is shown below. The shaded area is rotated about the y-axis.

\ > \
T — = )
J > q
-2
2 3
w = a
uhen w= = gz

b
V:le .,L".;a + Th _Tu:k
LN

' X 2 2
‘“j{, a's Aa + TN (“k‘\ %) (\3

\

'll
T |12 X .
5 [ a ]'/1 *\*
)
:3“L\- (Is 134}1_(\

= (aF-2T ) aiks’

1 — Integral for the curve with
correct limits

1 — Volume for both cylinders
1 — correct integration

1 — for correct simplification

Marker’s comments:

Poorly done . Most of the students
couldn't figure out the correct area
that is being rotated around y axis .

(i)

Explain what happens to the volume as t — « .

PR

Ay k> ) ,..‘.<___>o = v:zaw “v\:"\s

1 — for the answer

Marker’s comments:

well done
(ii1)  If the volume of the solid form is 3 units?, find the value of k. 1
2
afm-2® _ 3TW 1 — for correct answer
* 2' Marker’s comments:
& - very well done
o o T [
W = 4

K=06

16



(c) Consider the square OACB where point O is the origin. Let the A 0

position vector of points 4 and B be defined as gand p

respectively ie. O4d=q and OB=b.

Let points P, O, R and S be defined so that OP = ka s A—Q =kb,

RC =kgand SB=kb where 0 <k <1. This means points P, O,  p
R and § are positioned along their respective sides in equal

proportions.

Use vector methods to prove that the size of /POR =90°.

5 o S

Fr\ 2 (\-k) & < i_(s = kb
RC = (- i K o:-kg
PG - AR, qf -Qf +R
= (1-W o *k_h; = (1-\b 'kb

P-Q',th ._[(\-k\g +kl'g]-[(t-k)l_o,-kg:l

:(t-k\gz.b - \:’,,:.lo

~

No ca

s-% ) (Oqcﬁ s o s:‘,wt>
Sy _—
R .QR -0
LPQR - SO

1 — Expression for Fé interms of ¢ and b

1 — Expression for @ﬁ interms of ¢ and b

1 — Using the dot product
1 — Simplifying the dot product

1-g-b=0

Marker’s comments:

well done . Some students struggled in using the
properties of square to the dot product of vector
PQ and vector OR .

End of Examination.

17




	2023 Fort Street High School - X1 - Trial - Questions
	2023 Fort Street High School - X1 - Trial - Solutions

